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Current state of VaR, ES, and their backtests

▪ Capital requirements are broadly based on VaR

▪ VaR-based capital requirements suffer from a 
large deficiency: they do not capture tail risk

▪ Expected Shortfall (ES)*: the expected return in 
the worst 𝛼% of cases

▪ FRTB presents a move from VaR to ES due to 
VaR’s inability to capture tail risk

▪ 97.5% ES used to determine FRTB IMA capital 
requirements

▪ Same approach used to calibrate FRTB SA

▪ Regulatory backtesting still on VaR

… or is it?

*ES is also known as CVaR, AVaR, expected tail loss and superquantile
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Current state of VaR, ES, and their backtests

▪ 24 March 2023: EBA publishes draft rules 
for local supervisors

▪ Methodology for assessing internal 
models under FRTB

▪ Includes the requirement to conduct 
backtesting ES

▪ Banks see issues with:

▪ Additional operational costs

▪ No prescribed backtest

▪ Lack of added value
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Current state of VaR, ES, and their backtests

Development of ES and VaR backtesting:

▪ VaR backtesting is a mature research area

▪ Unconditional (traffic light) and conditional (e.g., Christoffersen’s independence test)

▪ ES backtesting is not so mature:

▪ Took off in 2014

▪ Next to a few unconditional backtests, only one (underperforming) conditional backtest

Literature studies and my research show that: 

▪ Mainstream conditional VaR and ES backtests capture time dependence poorly

▪ VaR and ES backtests have low power in rejecting wrong risk models, especially when:

▪ Sample size is low (< 500 observations)

▪ High VaR levels are considered (> 97.5%)

▪ In other words: when it matters
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Principles of VaR and ES backtesting

VaR:

ES: Take the mean returns at the hit times and perform simple t-test 

Statistical test: unconditional (traffic light) 
and conditional (e.g., Christoffersen’s

independence test)
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Principles of VaR and ES backtesting

Value-at-Risk: 
Denote 𝐿𝑡 as the trading desk’s loss at time t and 𝛼 ∈ 0,1 , then, VaR equals:

ℙ 𝐿𝑡 > VaRα
𝑡 ℱ𝑡 = α

Two main assumptions:
1. The unconditional assumption – the expected value of number of VaR outliers equals 𝛼𝑇

2. The conditional assumption – at any time t, the probability of having a VaR outlier that 
day equals 𝛼 (not 𝛼𝑡!)

Expected Shortfall:
Given cdf 𝐹𝐿 of losses 𝐿𝑡, the ES is given by

𝐸𝑆𝛼
𝑡 =

1

α
න
1−α

1

𝑞𝑢 𝐹𝐿 𝑑𝑢

Leading to the following assumptions:

3. 𝔼 ESα
t − Lt Lt > VaRα

t = 0

4. The VaR is correct
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Motivating example

▪ S&P500 daily log-returns during the 2020 stock 
market crash

▪ 5%-VaR outliers: 14 (5.6%)

▪ Clear cluster of VaR outliers: 6 outliers in 15 days 
(40% >> 5%)

▪ Existing VaR and ES backtests (both unconditional 
and conditional) accept the risk model
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What are Self-exciting Point Processes?

▪ Originally developed for earthquake analysis

▪ An event (earthquake/aftershock) excites more events soon after

▪ The longer the wait, the lower the probability: back to steady state probability

▪ Involves modelling of the hit sequence (equals 1 if outlier, 0 if not)

▪ Arrival rate of a non-homogenous Poisson process modelled by

𝜆 𝑡 = τ + ψ 

𝑗:𝑡𝑗<𝑡

𝑒−γ 𝑡−𝑡𝑗

with 𝜏, 𝛾 > 0 and 𝜓 ≥ 0. 

▪ Many applications: earthquakes, social media, crimes, deaths, etc.

▪ First financial application: Chavez-Demoulin (2005) in VaR modelling

▪ SEPP’s efficient modelling of tail behavior → Better VaR model 
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What are Self-exciting Point Processes?

𝜆 𝑡 = τ + ψ 

𝑗:𝑡𝑗<𝑡

𝑒−γ 𝑡−𝑡𝑗

▪ 𝜏 is the base intensity (arrival rate)

▪ 𝜓 is the immediate jump in the intensity

▪ σ𝑗:𝑡𝑗<𝑡
𝑒−γ 𝑡−𝑡𝑗 is the decay factor. As 𝑡 − 𝑡𝑗 , the distance 

between current time 𝑡 and the time of the last violation 
𝑡𝑗 , gets larger, the intensity jump decays
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Crux lies in the modelling of the alternative hypothesis: 

A better (?) alternative leads to higher power
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How to apply SEPP in VaR backtesting?

Under the alternative:

▪ Christoffersen’s (Markov) test does 
not fit clusters well

▪ Geometric test is better but limits 
itself by balancing between low and 
high intensity periods

▪ SEPP test is more flexible and better 
reflects intensity during the 
clustering period
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How to apply SEPP in VaR backtesting?

▪ Standard simulation exercise in VaR
backtesting, calibrated to four real 
business lines

▪ Across business lines, sample sizes, and 
VaR levels, SEPP backtests outperform 
most existing VaR backtests

▪ Christoffersen’s (Markov) test has 
about half of the power of the SEPP-
VaR test!
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How to apply SEPP in ES backtesting?

The importance of having (and not having) assumptions:

▪ To assess the bank’s ES model, it is important to test all four assumptions underlying VaR
and ES

▪ Current ES and joint VaR-ES backtests require the risk manager to assume a return 
distribution

→ Pandora’s assumption box

→ Estimation error

▪ Sparked a move to assumption-free backtesting:

▪ Only requires returns and reported VaR & ES

▪ Two assumption-free unconditional backtests exist

▪ How can we obtain an assumption-free conditional backtest of VaR/ES?
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How to apply SEPP in ES backtesting?

▪ Input: returns and VaR/ES predictions

▪ Adjust the intensity to include 𝐴𝑡𝑗 = 𝐿𝑡𝑗 − 𝐸𝑆𝑡𝑗

▪ Compute the LR test statistic of the VaR test: ℒ1~𝜒𝑛
2

▪ Perform t-test on ES and calculate a 𝜒2-distributed test statistic: ℒ2~𝜒1
2

▪ Under the assumption of conditional independence (EVT), we have:

ℒ1 + ℒ2 ≡ ℒ∗~ 𝜒𝑛+1
2

𝑛 is complicated due to two non-trivial phenomenons:

▪ 𝛾 not identified under the null

▪ 𝜓 is on the boundary of the parameter space under the null

→ Complicates the asymptotic distribution, but well-behaved



Monte Carlo experiment (B = 1000) to compare existing ‘assumption-free’ backtests:

H0: giving size, AR(1)-GARCH(1,1)-skewed student t distribution
H1: Reported VaR 10% underestimated
H2: Reported ES 10% underestimated
H3: Reported VaR and ES 10% underestimated
H4: Risk manager estimates normal innovations instead of the skewed student t
H5: Risk manager estimates t-distribution instead of skewed student t distribution
H6: estimating a GARCH(1,1)-skewed t, hence ignoring the AR(1) part

Preliminary results show outperformance across scenarios

21

𝛼 = 5%, 𝑛 = 500 SEPP ES ESR1 ESR2 ESR3 ESR4 E-Backtest

H0 0.069 0.075 0.085 0.037 0.003 0.003

H1 0.192 0.074 0.084 0.037 0.003 0.006

H2 0.163 0.057 0.055 0.030 0.053 0.073

H3 0.237 0.057 0.055 0.030 0.053 0.076

H4 0.920 0.645 0.651 0.613 0.762 0.908

H5 0.864 0.242 0.231 0.218 0.386 0.556

H6 0.115 0.085 0.078 0.037 0.007 0.005

How to apply SEPP in ES backtesting?
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Empirical example: the 2020 stock market crash

▪ STOXX 600, Shanghai Composite, and Hang Seng

▪ AR(1)-GARCH(1,1) with Gaussian innovations is fitted

▪ Q-Q plots and normality tests reject Gaussian distribution of residuals
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Empirical example: the 2020 stock market crash

▪ During 2020:
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Empirical example: the 2020 stock market crash

▪ During 2019:
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Empirical example: the 2020 stock market crash

▪ During 2020:

▪ During 2019:
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Wrap-up

▪ SEPP implementation in VaR and ES backtesting significantly boosts power by providing 
a more flexible outlier intensity specification

▪ SEPP ES backtest is the first powerful conditional ES backtest and more powerful than 
unconditional ES backtests

▪ Only requires PnL and reported VaR & ES

▪ Looking ahead:

▪ ES backtesting will become relevant to banks with the introduction of FRTB (especially 
when EBA pushes through its RTS)

▪ With a lack of powerful ES backtests and no guidance from the regulator, this will 
become a difficult task

▪ A move towards joint VaR-ES backtesting is more attractive (you have the information 
anyway!)

▪ The SEPP ES backtest is a powerful solution

▪ If you are interested on working on this topic, please reach out!
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Thank you!
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