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Basic vocabulary
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We simulate increments for path-dependent products




Additive processes in finance

Applications in quantitative finance are relatively few:

» Carr-Geman-Madan-Yor (2007) introduce self-similar (or Sato) processes in derivative pricing;

» Li-Li-MendozaArriaga (2016) build a quite large class of Additive proc. via Levy subordination;

... but are the new frontier:
» Madan-Wang (2020, 2023) Additive bilateral VG and time embedding.

» Carr-Torricelli (2021), European options (Black & Bachelier like)
with a simple closed formula;

» A.-Baviera (2021, 2022) Excellent calibration properties and power law scaling.




Numerical techniques for jump processes

Jump based approaches:

» Cont, R. & Tankov, P. (2003). And references therein (e.g. for Gaussian-Aproximation)

» Eberlein, E. & Madan, D. B. (2009). Pricing of structured products.

CDF-FFT based approaches for Levy:
» Glasserman-Liu (2010). Error bounds estimation due to linear CDF interpolation.
» Chen-Feng-Lin (2012). Simulation via Sinc method;

» Ballotta-Kyriakou (2014) An FFT simulation technique with error bounds estimation.




The idea: Simulation Lewis-FFT-S method
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Our contributions:

v Estending to additive processes

v Selecting optimal a Chen-Feng-Lin (2012): a=0
v" Spline interpolation




Theoretical results
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Theoretical results

»Assumption: Exponential Decay:  |¢s:(u—ia)| < Be™" Va € (0,p; + 1)

» Proposition 2.2.

If the Assumption hold
1. CDF error bound (N number of grid points)

EGPE (x) = O(N_“"f[H‘“’))szp(—b_-'“\-”"m“L“"])] w >0

2. optimal bound fora = (p{ + 1)/2

It is possible to have an error bound also
for power decay.




Comparison with Hilbert Transform

Error bounds:

_ ( Py n(p2'+1))
Chen-Feng-Lin (2012): ~ max\e h» ,e h
Lewis with optimal a: ~ min\e » ,e n
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CDF inversion error with and without a symmetric grid




Sampling from approximated CDF
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Sampling from approximated CDF
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z = CDF-1(U)
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Sampling from approximated CDF
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Sampling from approximated CDF (linear interpolations)

Approximated CDF P on a grid x;, e Xjy e XK
Generate Ng;,,, uniform random variables U

-

&

Steps

1. Selectjs.t. P(xj_;) < U < P(x))

N

(N-N alg.)

2. Determine the linear interpolation coefficients ¢ and c;

3. Compute X = c({ + c{U

/

/Comp. Costs \

Tl Nsim 1082 NSim
2. 6K

3. Ngim
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Sampling from approximated CDF (Spline interpolation)

> Similar computational times for

In practice K (grid size) << N spline and linear interpolation

/ Steps \ /Comp. Costs \

1. Selectjs.t. P(xj_1) < U < P(x;) 1. Ngim logz Nsim

2. Determine the spline interpolation coefficients 2. 8K —7

3. = Nsim

3. Compute X = spline(U)

\ VRN Y,
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Error contributions

When pricing a generic derivative with an approximated CDF

4 N

Error < CDF related Error +
Interpolation Error +

Truncation Error

o /

Upper bounds are analytical
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Error contributions
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The model: Additive Tempered Stable (ATS)

Forward with expiry T is modeled as an exponential Additive

Fi(T) = Fo(T)exp(ft)

with f; an ATS, whose characteristic function is
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Excellent Match IV
calibration skew

Skew: slope of the IV ATM. Risk
management of derivatives
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Interpolation error: linear vs spline

2.5
©-Spline
¢ - Linear
- -SD

8 | | | | | |
7 8 9 10 11 12 13
Bias estimation: MAX error on 30 calls with moneyness degree in the range (—0.2,0.2)

“‘Variance’ estimation: SD error with 107 simulations
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Accuracy

> Plain Vanilla calls (30 calls, ttm = 1m, moneyness degree in the range (—0.2,0.2), Ng;,,, = 107)

M| 7 8 9 10 11 12 13
a=1/3 | MAX [bp] | 7.08 032 0.02[0.03]0.03 0.03 0.03
RMSE [bp] | 3.49 0.29 0.01|0.02]0.02 0.02 0.02
MAPE [%] | 2.30 0.21 0.01|0.01]0.01 0.01 0.01
SD [bp] 0.12 012 0.12] 012|012 012 0.12
a=2/3| MAX [bp] [317.29 0.19 0.04] 0.01]0.02 0.03 0.03
RMSE [bp] | 282.99 0.16 0.03| 0.01] 0.02 0.02 0.02
MAPE [%] | 185.64 0.11 0.02| 0.01] 0.01 0.01 0.01
SD [bp] 0.25 0.1 0.11]0.11f0.11 0.11 0.11

» Discretely monitored options (5y, Q/Q)
Moneyness | Asian [%] SD [%] | Lookback [%] SD [%] | Down-and-In [%]| SD [%]

-0.5 39.79 0.01 3.31 0.00 2.31 0.00
-0.25 24.36 0.01 8.72 0.00 3.98 0.00

0 10.04 0.01 23.07 0.01 6.15 0.01
0.25 2.57 0.00 00.53 0.01 8.95 0.01

0.5 0.55 0.00 86.98 0.01 12.55 0.01
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Computational time: Lewis-FFT-S vs GA (with Ziggurat)

2 I
-l-Gaussian approximation [ ]
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Computational time: Lewis-FFT-S vs GBM

Simulation 107 trials

M[ 7 &8 9 10 11 12 13
a=1/3] Time [s] | 023 027 028 028 028 028 029
a=2/3| Time [s] | 025 027 028 028 028 028 0.28

~ [3 times GBM]

20




Conclusions on Lewis-FFT-S

A new MC technique for Additive processes
based on FFT

We improve the two main sources of numerical

errors (CDF inversion and linear interpolation)

Very fast: same order of magnitudes as GBM.
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Conclusions: additive vs other model classes. Not only fast-simulation!

Additive processes Stochastic volatility Rough volatility

closed formula b closed formula & NO closed formula €3
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