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Source: https://www.artemis.bm/deal-directory
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problem of multi-peril and multi-region catastrophes  

Reshetar (2008), Hofer et al. (2020)

further developments

Lee and Yu (2002), Vaugirard (2003), Burnecki and Kukla (2003),
Ma and Ma (2013), Nowak and Romaniuk (2013) 

first no-arbitrage pricing of CAT bonds,
Baryshnikov, Mayo and Taylor (1998)

in practice – done by specialized companies, expected loss (EL) 
and probability of first loss (PFL) are provided for the investors
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The general pricing formula at time 𝑡 for CAT bonds can be written as:

𝑉𝑡 = 𝑒−𝑟(𝑇−𝑡)𝔼ℙ 𝑃 𝑇 |ℱ𝑡 ,

where 𝑃 𝑇 is the payoff at maturity 𝑇 of the bond, 𝔼ℙ denotes the expectation

under the real-world measure, 𝑟 is a constant interest rate over [0, 𝑇] and ℱ𝑡 is

the filtration up until time 𝑡.



8

Aggregate loss process (ALP) is a stochastic process {𝐿 𝑡 , 𝑡 > 0} that describes

the total amount of losses in time. It is defined as:

𝐿 𝑡 =  

𝑘=1

𝑁(𝑡)

𝑋𝑘 ,

where {𝑁 𝑡 , 𝑡 > 0} is a loss counting process and the loss amounts are i.i.d.

positive random variables {𝑋𝑘 , 𝑘 ∈ ℕ} with 𝔼 𝑋𝑘 < ∞.

We also assume that loss counting process and loss amounts are independent.
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The payoff of a zero-coupon CAT bond per unit nominal is given by:

𝑃𝑍𝐶 𝑇 = ቊ
1 if 𝐿 𝑇 < 𝐷,
c if 𝐿 𝑇 ≥ 𝐷,

where 𝑇 is the term of the bond, 𝐷 is a specified threshold level triggering

the bond and 0 ≤ c ≤ 1 is a constant recovery rate.

The arbitrage-free price of a zero-coupon CAT bond is given by:

𝑉0 = 𝑒−𝑟𝑇𝔼ℙ 𝕀𝐿 𝑇 <𝐷 + c𝕀𝐿 𝑇 ≥𝐷 = 𝑒−𝑟𝑇 c + (1 − c)ℙ 𝐿 𝑇 < 𝐷 .
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Let 𝐋 = 𝐿1, 𝐿2, … , 𝐿𝑛 be a multi-dimensional ALP process, where {𝐿𝑖 𝑡 , 𝑡 > 0}

denotes ALP resulting from 𝑖-th region, for 𝑖 = 1, … , 𝑛.

The payoff of a multi-region zero-coupon CAT bond per unit nominal is given by:

𝑃𝑍𝐶
𝑀𝑅 𝑇 = ൝

1 if ∩𝑖=1
𝑛 𝐿𝑖 𝑇 < 𝐷𝑖 ,

𝑐 if ∪𝑖=1
𝑛 𝐿𝑖 𝑇 ≥ 𝐷𝑖 ,

where 𝑇 is the term of the bond, 𝐷1, 𝐷2, … . , 𝐷𝑛 are specified threshold levels for

the corresponding ALPs 𝐿1, 𝐿2, … , 𝐿𝑛 and 0 ≤ c ≤ 1 is a constant recovery rate.
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In case of a two-region bond, we can define the payoff as:

𝑃 𝑇 = ቊ
1 if 𝐿1 𝑇 < 𝐷1  ∧ 𝐿2(𝑇) < 𝐷2 ,

𝑐 if 𝐿1 𝑇 ≥ 𝐷1  ∨ 𝐿2(𝑇) ≥ 𝐷2 .

The price of a two-region zero-coupon CAT bond is given by:

𝑉0 = 𝑒−𝑟𝑇 𝑐 + 1 − 𝑐 ℙ 𝐿1 𝑇 < 𝐷1 ∧ 𝐿2 𝑇 < 𝐷2 .
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Independent losses Proportionally split common losses Dependent common losses

We assume all losses are

mutually independent.

Losses that are common for both

regions are shared with a given

proportion 𝑝, 0 ≤ 𝑝 ≤ 1.

Losses that are common for both

regions are correlated with

given correlation coefficient.

𝑆1 𝑡 =  

𝑖=1

𝑁(1)(𝑡)

𝑋𝑖

𝑆2 𝑡 =  

𝑖=1

𝑁(2)(𝑡)

𝑌𝑖

𝑆1 𝑡 =  

𝑖=1

𝑁 1 𝑡

𝑋𝑖 +  𝑝 

𝑖=1

𝑁 3 𝑡

𝑍𝑖

𝑆2 𝑡 =  

𝑖=1

𝑁(2)(𝑡)

𝑌𝑖 +  (1 − 𝑝) 

𝑖=1

𝑁(3)(𝑡)

𝑍𝑖

𝑆1 𝑡 =  

𝑖=1

𝑁(1)(𝑡)

𝑋𝑖
(1)

+ 

𝑖=1

𝑁(3)(𝑡)

𝑋𝑖
(2)

𝑆2 𝑡 =  

𝑖=1

𝑁(2)(𝑡)

𝑌𝑖
(1)

+ 

𝑖=1

𝑁(3)(𝑡)

𝑌𝑖
(2)
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The price of a two-region zero-coupon CAT bond can be approximated as:

𝑉0 ≈ 𝑉0
𝑎𝑝𝑝𝑟𝑜𝑥

= 𝑒−𝑟𝑇 𝑐 + 1 − 𝑐 ℙ 𝑁1 < 𝐷1 ∧ 𝑁2 < 𝐷2 ,

where 𝑵 = 𝑁1, 𝑁2  is a random vector with bivariate normal distribution

with mean and covariance matrix:

μ =
𝐸𝑆1(𝑇)

𝐸𝑆2(𝑇)
,

Σ =
𝑉𝑎𝑟 𝑆1 𝑇 𝐶𝑜𝑣(𝑆1 𝑇 , 𝑆2 𝑇 )

𝐶𝑜𝑣(𝑆1 𝑇 , 𝑆2 𝑇 ) 𝑉𝑎𝑟 𝑆2(𝑇)
.
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Figure 1 Location of analysed pairs of states in the USA - Oklahoma and Texas, Illinois and Kentucky.
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▪ There were 85 catastrophes

in Oklahoma and 163 in Texas,

44 of them occurred in both

states.

▪ For model with proportionally

split common losses, we set

the proportion 𝑝 = 0.35.

▪ The Spearman correlation

coefficient was 𝜌 = 0.3116, 

for model with correlated

common losses.

            

 
 
  
  
  
  
 
  
  
  
 
 
 
  
  
  
 
 
 

 

   

 

   

 

   
        

                                                    

 

   

 

   

 

   
     

                                                    

Figure 2 Adjusted losses in Oklahoma and Texas. Losses from common 
catastrophes are presented in green, from unrelated ones are in red.
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Figure 3 Comparison of real common losses in Oklahoma and Texas and common losses 
simulated in (a) proportionally split model and (b) dependent model.
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Figure 4 Model with independent losses. Zero-coupon CAT bond for Oklahoma and Texas: 
(a) price from Monte Carlo simulations, (b) normal approximation and (c) relative difference.
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Figure 5 Model with proportionally split common losses. Zero-coupon CAT bond for Oklahoma and Texas: 
(a) price from Monte Carlo simulations, (b) normal approximation and (c) relative difference.
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Figure 6 Model with correlated common losses. Zero-coupon CAT bond for Oklahoma and Texas: 
(a) price from Monte Carlo simulations, (b) normal approximation and (c) relative difference.
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Figure 7 Differences between prices of zero-coupon CAT bond for Oklahoma and Texas 
obtained from models with: (a) proportionally split common losses and independent losses, 

(b) correlated common losses and independent losses, (c) proportionally split and correlated common losses.
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Figure 8 Adjusted losses in Illinois and Kentucky. Losses from common 
catastrophes are presented in green, from unrelated ones are in red.

            

 
 
  
  
  
  
 
  
  
  
 
 
 
  
  
  
 
 
 

 

   

 

   
        

                                                

 

   

 

   
        

                                                

▪ There were 111 catastrophes

in Illinois and 45 in Kentucky,

27 of them occurred in both

states.

▪ For model with proportionally

split common losses, we set

the proportion 𝑝 = 0.56.

▪ The Spearman correlation

coefficient was 𝜌 = 0.2244, 

for model with correlated

common losses.
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Figure 9 Comparison of real common losses in Illinois and Kentucky and common losses 
simulated in (a) proportionally split model and (b) dependent model.
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Figure 10 Model with independent losses. Zero-coupon CAT bond for Illinois and Kentucky: 
(a) price from Monte Carlo simulations, (b) normal approximation and (c) relative difference.
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Figure 11 Model with proportionally split common losses. Zero-coupon CAT bond for Illinois and Kentucky: 
(a) price from Monte Carlo simulations, (b) normal approximation and (c) relative difference.
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Figure 12 Model with correlated common losses. Zero-coupon CAT bond for Illinois and Kentucky: 
(a) price from Monte Carlo simulations, (b) normal approximation and (c) relative difference.
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Figure 13 Differences between prices of zero-coupon CAT bond for Illinois and Kentucky
obtained from models with: (a) proportionally split common losses and independent losses, 

(b) correlated common losses and independent losses, (c) proportionally split and correlated common losses.
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