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Introduction and Motivation

Introduction and Motivation

» American and Bermudan Options;
» Heston-type Models are more realistic than the classical Black-Scholes;
» Almost-Exact Scheme;

» Small Number of Steps.
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Heston & Double Heston Models

Heston Model

The Heston model is given by a system of two stochastic differential equations:

dS: = rSedt + /v:S:dW,},
dve = k(D — v) dt + 'y\/ITtde

where r is a constant risk-free interest rate, x > 0 is called the speed of mean reversion
rate for the variance. Parameter 7 > 0 is the long-term mean of the variance process, and
v > 0 is the volatility of the variance. The initial level of the variance is given by vo > 0.
Wiener processes W} and W2 are correlated with correlation coefficient p1» € [-1,1].
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Heston & Double Heston Models

Double Heston Model

The Double Heston model is given by a system of three stochastic differential equations:

dS: = rSedt + /LS dW} + /125 dW?,

dvt = k1 (171 - Z/tl) dt + v, /LW,
dv? = K (172 — uf) dt + 'yVZ\/V,_?de

where the Wiener processes W} and W are correlated with correlation coefficient p; 3,
W2 and W} are correlated with correlation coefficient P2,4.

The Feller condition is given by
2kib; > o5, for i=1,2.

The Feller condition guarantees that the process v/ are positive.
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AES of Heston and Double Heston Model

AES of the Heston Model

The Almost Exact Scheme (AES) under the Heston model is suggested in Oosterlee and
Grzelak book [1].

The AES of the Heston model, where X; :=In S, is given by

Xit1 R X+ Co + avi + vip1 + /G - viZa,
and the CIR process is simulated using
Vier & E(tia, ti) - X7 (0, R (tien, 1))
where the parameters are given by
4f<;e_“(t"“_t")

A2 (1 -~ e—n(t;+1—ti))

and x3(6, k(-,-)) represents the noncentral chi-squared distribution with degrees of
freedom and noncentrality parameter k(-,-). The parameters are given by

= (r — &K}Ij) At, ca = (pl,ZKA - 1) At — P1,27 G = (1 - pi2) At.
v v 2 K

2
C(tiv1, ti) = an (1 - efn(t’“ft")) o R(tip, ) = “ Vi
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AES of Heston and Double Heston Model

AES of the Double Heston Model

By applying 1t6's lemma to the log transformation X; := In S; and the Cholesky
decomposition of the correlation matrix, we have the following

dX; = (r— % (l/tl + Vf)) dt + \/E(/h@dfl/l\//t3 + mdw?)
R (o [T 3

dl/: = K1 (171 — I/:) dt + vy, V l/}dﬁ/if,

dl/? = K2 (172 — I/tz) dt""}/vz V Vt?de/:?

where d/V\V'tl, dmz,dm3 and dVV?' are independent Brownian increments.
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AES of Heston and Double Heston Model

Taking integration of all processes in a certain time interval [t;, tiy1], we get the following
discretization scheme

tit1 tit1 tit1 .
Xi+1 =Xi+/ (f 5( t + Vi ))dt+l)13 thth 1_P§,3/ VvEAW,
t; tj
l+l \/»2 5 l+l ﬁdW2
+ P24 vid 1-p24 Vi t (1)
1 1 tit1 f;+1
Viyr = Vi + K1 / 91—vt)dt—|—0‘,1 \/vtth,

i+1 I+1
v,%H:v, + K2 / 91—vt)dt—|—a\,2 \/vtth
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AES of Heston and Double Heston Model

Now we can notice that there are integrals with m, i = 3,4 in the SDEs above that are
the same. In terms of the variance realizations the following holds:

tit1 — tiy1
/ 1/thth3 — i (Vil_*_l — Vil _ K/l/ (01 — th) dt) 5
t t

oy .
tit1 5 oo 1 ) s fit1 ) (2)
vV vedW; :—(v,-ﬂfv,- 752/ (027vt)dt).
& Ov, &

i
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AES of Heston and Double Heston Model
For At = tjy1 — t; the discretization for xj1 is given by

Xit1 ~ Xi + (r . (v,-l + v,2>> At + P13 (V,'I_H S (171 - v,-l) At)
2 A%

+4/1- Pia\/ v} (Wéﬂ - th) + ?:'4 (Vi2+1 -V — k2 (172 - V,'Z) At)
v2
+/1 = pra\/ v (VVEH - fVVs) .
The AES of the Double Heston model is given by

1 2 1 2
Xipl R X+ @+ av; +avi +avig + avip +4/6 - viiZ + /e - v,

and the two CIR processes

Vi & 8t ti) - X (51, R (tiva, ti)) ;

Vi~ & (t, ti) - X (52,52 (tit1, fi)) .
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AES of Heston and Double Heston Model

Previously mentioned parameters are given as follows

) 2
o (t,-Jrl, ti) = ZT{ (1 _ e—n(ti+1—ti)) ,

. 4 —K(fiﬂ—fi)
R (tiv1, 1) = . v,
o2 (1 _ e*fi(fi+1*fi))

for j = 1,2, and x*(3, k(-,-)) represents the noncentral chi-squared distribution with
degrees of freedom and noncentrality parameter k(-,-). The constants are

1
= <r — &5191 _ P24 H292> At, c1 <MI€1 — 7> At — &,

ov, ov, ov, 2 ovy
1
o = <p2’4fiz — 7) At — p2'4, C3 = 7p1’3,
gv, 2 v, ovy
2.4
C = p—, cs = (1 - pis) At, = (1 - p§,4) At.
ov,
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AES of the Heston Model

AES of the Heston Model

Longstaff and Schwartz[2] Least Square Monte Carlo (LSM) method;
Global Polynomials & Laguerre Polynomials as basis functions;
1,000, 000 paths, 30 runs;

In-the-money paths;

vVvyVvVvyyvyy

Parameters for American option pricing using two choices of vp: 19 = 0.0625 and
1o = 0.25 are given in the table below.

K T r ol v K p
10 025 01 09 016 5 0.1

Table 1: Parameters for pricing American put options under Heston model.
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AES of the Heston Model

Analysis of the AES
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American Options: vy = 0.0625 and 1y = 0.25

Relative Errors using Global Polynomials

0.200
—— Relative Errors for So = 8
0.175 —— Relative Errors for So = 9
—— Relative Errors for So 0
0.150 —— Relative Errors for So = 11
50.125 —— Relative Errors for So = 12
frr
g 0.100
&
4 0.075
o«
0.050
0.025
0.000 ”

[ 20 40 100 120

60 80
Number of Steps

Relative Errors using Global Polynomials

0.07 —— Relative Errors for So = 8
—— Relative Errors for So = 9
0.06 —— Relative Errors for So = 10
— Relative Errors for So = 11
5005 —— Relative Errors for So = 12
=
i
m 0.04
2
©0.03
[3]
4
0.02
0.01
0.00
0 20 40 60 80 100 120
Number of Steps

Figure 1: Relative Errors of American Put
Options with parameters given in Table 1
and vy = 0.0625 calculated under the
Heston Model.
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Figure 2: Relative Errors of American Put
Option values with parameters given in
Table 1 and vg = 0.25 calculated under the
Heston Model.
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AES of the Heston Model

American and Bermudan Option Pricing when Feller condition does not
hold

» As the variance must be positive, the Feller condition must be satisfied. In this case,
Feller condition is given by

2k0 > 72.
The Feller condition guarantees that the process v; cannot reach zero;

» The reference prices used in the following examples are taken from Fang and

Oosterless[10];
> Parameters for both American and Bermudan option pricing are given in the table
below.
K Vo T r ol v K p

100 0.0348 0.25 0.04 039 0.0348 1.15 —0.64

Table 2: Parameters for pricing American and Bermuda options under the Heston Model where
Feller condition does not hold.
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AES of the Heston Model

American options

Relative Errors using Global Polynomials
—— Relative Errors for So = 90
0.10 —— Relative Errors for So = 100
—— Relative Errors for So = 110
0.08
.
e
w
P 0.06
=
=]
8
&) 0.04
0.02
0.00
20 40 60 80 100 120
Number of Steps

Figure 3: Relative Errors of American Put Option values with parameters given in Table 2
calculated under the Heston Model.
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AES of the Heston Model

Bermudan Options with 20 exercise dates

Relative Errors using Global Polynomials

—— Relative Errors for So = 90
—— Relative Errors for So = 100
0.010 —— Relative Errors for Sp = 110
§ 0.008
i
g
2 0.006
o
[7]
-4
0.004
0.002 :

20 40 60 80 100 120
Number of Steps

Figure 4: Relative Errors of Bermudan Option values with 20 exercise dates parameters given in
Table 2 calculated under the Heston Model.
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AES of the Heston Model

Bermudan Options with 40 exercise dates

0.005 Relative Errors using Global Polynomials
' —— Relative Errors for So = 90
—— Relative Errors for So = 100
0.004 —— Relative Errors for So = 110
g
1 0.003
[
=
&1
8
& 0.002
0:001 \/\/\
40 60 80 100 120 140
Number of Steps

Figure 5: Relative Errors of Bermudan Option values with 40 exercise dates and parameters given
in Table 2 calculated under the Heston Model.
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AES of the Heston Model

Bermudan Options with 60 exercise dates

Relative Errors using Global Polynomials

0.006
—— Relative Errors for So = 90
—— Relative Errors for So = 100
0.005 .
—— Relative Errors for Sp = 110
§ 0.004
i
£ 0.003
=}
o
[7]
€ 0.002
0.000
60 80 100 120 140 160
Number of Steps

Figure 6: Relative Errors of Bermudan Option values with 60 exercise dates and parameters given
in Table 2 calculated under the Heston Model.
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AES of the Double Heston Model

AES of the Double Heston Model

» The same setting as for the Heston Model;

> Parameters and reference prices used in the following examples are taken from
Zhang and Feng[12].
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American Options: T =0.25and T =0.5

Relative Errors using Global Polynomials

—— Relative Errors for So = 56.9
0.040 ——— Relative Errors for So = 61.9
—— Relative Errors for So = 66.9
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Relative Errors using Global Polynomials

—— Relative Errors for So = 56.9
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Figure 7: Relative Errors of American Put
Option values when T = 0.25 calculated
under the Double Heston Model.
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Figure 8: Relative Errors of American Put
Option values when T = 0.5 calculated
under the Double Heston Model.
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AES of the Double Heston Model

Relative Errors using Global Polynomials
0.08 —— Relative Errors for So = 56.9
—— Relative Errors for Sp = 61.9
0.07 —— Relative Errors for S = 66.9
+ 0.06
e
fr
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o
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Figure 9: Relative Errors of American Put Option values when T =1 calculated under the
Double Heston Model.
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AES of the Double Heston Model
Euler vs AES

Euler vs AES when pricing Bermudan Options when the number of exercise dates (20)
equals the number of steps (20) for different initial asset prices.

Bermuda Option Pricing for Different Initial Stock Prices

—e— Euler Errors
- AES Errors

Relative Error (%)

100
Initial Stock Price (5_0)

Figure 10: Relative Errors of Bermudan Options with 20 exercise dates and parameters given in
Table 2 calculated using AES and Euler.

Malyarenko

act Scheme for Heston-type Models: American and Bermudan Option Pricing



Almost-Exact Scheme

Introduction

Analysis of the AES
bOO0.0

AES of the Double Heston Model

Euler vs AES

Euler vs AES when pricing biweekly Bermudan Options when the number of exercise
dates equals the number of steps for different time to maturities.

Bermuda Option with biweekly Exercise Dates for 50=90

Bermuda Option with biweekly Exercise Dates for 50=100

Euler rrors
- g Ermors

A S A S A S A A
R

R O

Time to Maturity

¢ EE S S EE S & e
& & ET S R,
Tmeto sy

Figure 11: Relative Errors of biweekly
Bermudan Option values with parameters
given in Table 2 calculated under the Heston
Model.
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Figure 12: Relative Errors of biweekly
Bermudan Option values with parameters
given in Table 2 calculated using AES and
Euler.
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AES of the Double Heston Model

Euler vs AES

Bermuda Option with biweekly Exercise Dates for S0=110

~e— Euler Errors
< AES Errors

Relative Error (%)

Time to Maturity

Figure 13: Relative Errors of biweekly Bermudan Option values with parameters given in Table 2
calculated under the Heston Model.
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Conclusion

Conclusion

> Extended the AES of the Heston Model to the Double Heston Model, and Brennan
and Schwartz SDE;

> Pricing in-the-money and at-the-money American and Bermudan options does not
require many steps;

» For Bermuda options, having as many steps as exercise dates is enough.
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Thank you for your attention!
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