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Motivation
• Economic variables usually are modelled as separate time series

• Prices

• Exchange rates

• Volumes

• … 

• In some contexts the product of variables is of the main importance, e.g.

• Prices in local currency = prices * exchange rates

• Transaction values =  prices * volumes

• Financial cost of prediction/technical errors = price * size of the error   



Vector autoregression
•Vector autogresssion model (VAR(p)) is a classical approach for 
• modeling relationship between multiple quantities

• their evolution over time



• Introduce a product time series

• If det 𝐈 − 𝑧Φ ≠ 0 ∀𝑧∈𝑍 𝑧 ≤ 1 , then 𝑌(𝑡) can be written using a casual representation

• Distribution of 𝑌 𝑡 is related to the distribution of 𝑍1 𝑍2

Product of VAR components



Properties of the product

Mean is equal to the covariance of VAR(1) components

Distribution of 𝑌(𝑡) is
influenced by the dependence
of 𝑋1 𝑡 and 𝑋1 𝑡
• coefficients Φ

• 𝑍1 𝑡 , 𝑍2 𝑡 distribution     



Special cases
1. Independent components –> product of AR(1) time series

Products of 
𝑋1 𝑡 and 𝑋2 𝑡

moments



𝜙11𝜙22 < 0𝜙11𝜙22 > 0



Special cases
2. Correlated noise – corr 𝑍1, 𝑍2 = 𝜌𝑍

𝜌𝑍 influences the product distribution

Shape of the noise distribution is also important

= 0 for Gaussian distribution



𝜌𝑍 = 0.8



Special cases
3. Dependence through coefficients Φ

= 0 for Gaussian distribution

Shape of the noise distribution is also important

Mean is a 
function of Φ

and 𝜎𝑍,2
2





Electricity market 
• Electricity trade is done mostly on day-
ahead markets 

• Production/demand volumes are not 
known exactly on the day ahead 
delivery – only forecasts can be used

• TSO publishes day-ahead forecasts of 
load and generation 

• The forecasts have errors

• Electricity trade needs to be balanced 
prior to delivery



Electricity market 
• Forecasted volume < actual volume

difference needs to be bought in the intraday (balancing) market 

• Forecasted volume > actual volume

difference needs to be sold in the intraday (balancing) market 

• 𝐄𝐱𝐭𝐫𝐚 𝐛𝐚𝐥𝐚𝐧𝐜𝐢𝐧𝐠 𝐜𝐨𝐬𝐭 𝒕 = 𝑷𝑫𝑨 𝒕 − 𝑷𝑩 𝒕 ∗ [෡𝑽𝑫𝑨 𝒕 − 𝑽𝒂𝒄𝒕(𝒕)]

•It is positive (cost) if additional volume is bought at higher prices or it is sold at lower prices

• It is negative (profit), if additional volume is bought at lower prices or it is sold at higher prices

Price difference Volume imbalance



Polish electricity market
•Hourly day–ahead & balancing prices, 

•Hourly TSO load forecast errors

•Each hour modelled separately

𝟏

𝝈𝟏
𝑷𝑫𝑨 𝒕 − 𝑷𝑩 𝒕 = 𝑿𝟏 𝒕

𝟏

𝝈𝟐
෡𝑽𝑫𝑨 𝒕 − 𝑽𝒂𝒄𝒕 𝒕 − 𝝁𝟐 = 𝑿𝟐 𝒕

Cost of balancing

𝑾𝟏 𝒕 = 𝝈𝟏𝑿𝟏 𝒕 [𝝈𝟐𝑿𝟐 𝒕 + 𝝁𝟐]

9 am



Fitted VAR(1) model

• Dependence through bivariate resiudals
(𝑍1, 𝑍2) distribution 
• significant correlation

• Autoregression in load forecast errors

• Cross-dependence coefficients 
Φ12, Φ2,1close to 0

• Good fit (according to the KS test) of the 
NIG distribution to model residuals 𝑍1, 𝑍2



Fitted VAR(1) model - residuals



Product of the VAR(1) components



Implications
• Approach consistent for both variables and their product
• can be used e.g. for risk management, like Value at Risk (VaR) calculation

• Cost of balancing is a direct economical cost of forecast errors
• can be an alternative, economically grounded, measure for forecast evaluation 

Forecast errors Cost of balancing forecast errors



Thank you !


