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Financial Motivation

Consider a loss X defined at some time horizon τ by

X = E[ψ(Y,Z)|Y ] = Ψ(Y ),

with Y the realization of risk factors up to τ , ⊥⊥ Z the realization of risk factors beyond τ .

The VaR ξ⋆ and the ES χ⋆ of the loss X at the confidence level α ∈ (0, 1), are given by

P(X ≤ ξ⋆) = α, χ⋆ = E[X|X > ξ⋆].

A stochastic approximation (SA) point of view is adopted.

If Ψ is analytical, then X = Ψ(Y ) can be simulated exactly (Bardou, Frikha, and Pagès, 2009).

Otherwise, X can be simulated by nested Monte Carlo (Barrera et al., 2019).

But the nested Monte Carlo method is costly.
Crépey, Frikha, and Louzi, 2023 propose a multilevel acceleration of the nested approach.
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Unbiased Stochastic Approximation Approach When Ψ Is Analytical

According to Rockafellar and Uryasev, 2000, if FX is increasing,

(ξ⋆, χ⋆) = (argmin,min)V, where V (ξ) = ξ +
E[(X − ξ)+]

1− α
.

▶ Robbins-Monro (SA) Algorithm. We take the step size (learning rate)

γn =
γ1
nβ
, γ1 > 0, β ∈ (0, 1].

We define the estimators (ξn, χn)n≥0 of (ξ⋆, χ⋆) by

ξn+1 = ξn − γn+1H1(ξn, X
(n+1)) and χn+1 = χn − 1

n+ 1
H2(χn, ξn, X

(n+1)),

where ξ0 ⊥⊥ (X(n))n≥1
iid∼ X = Ψ(Y ) s.t. E[|ξ0|2] <∞, χ0 = 0,

H1(ξ, x) = 1− 1x>ξ

1− α
and H2(χ, ξ, x) = χ−

(
ξ +

(x− ξ)+

1− α

)
.

As suggested by Bardou, Frikha, and Pagès, 2009, for a prescribed accuracy ε > 0, we have to take

n =
⌈
ε
− 2

β
⌉
, i.e. CostβSA = Cn = Cε

− 2
β ↘

β→1
Cε−2, if γ1 > λ when β = 1,

where λ > 0 is a constant that is explicit but tedious to compute. 2 / 27



Unbiased Stochastic Approximation Approach When Ψ Is Analytical

▶ Averaged Stochastic Approximation (ASA) Algorithm.
To overcome the constraint on γ1, we average out the VaR estimators (Bardou, Frikha, and Pagès,
2009)

ξn =
1

n

n∑
k=1

ξk = ξn−1 −
1

n

(
ξn−1 − ξn

)
.

To achieve a prescribed accuracy ε > 0, we must take

n = ⌈ε−2⌉, i.e. CostASA = Cn = Cε−2, β ∈
(1
2
, 1
)
.

However, these approaches are often not possible, since one does not always have an analytical
formula for Ψ to directly simulate X = Ψ(Y ).
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Nested Stochastic Approximation Approach Otherwise

Following Barrera et al., 2019, we approximate X = E[ψ(Y,Z)|Y ] by

Xh =
1

K

K∑
k=1

ψ(Y,Z(k)), h =
1

K
a bias parameter ∈ H =

{ 1

K′ ,K
′ ∈ N∗

}
,

where (Z(k))1≤k≤K
iid∼ Z ⊥⊥ Y .

We define the approximating optimization problem

(ξh⋆ , χ
h
⋆) = (argmin,min)Vh, where Vh(ξ) = ξ +

E[(Xh − ξ)+]

1− α
.

▶ Nested SA (NSA) Algorithm. We devise the stochastic approximation scheme

ξhn = ξhn−1 − γnH1(ξ
h
n−1, X

(n)
h ), χh

n = χh
n−1 −

1

n
H2(χ

h
n−1, ξ

h
n−1, X

(n)
h ),

where ξh0 ⊥⊥ (X
(n)
h )n≥1

iid∼ Xh with E[|ξh0 |2] <∞ and χh
0 = 0.
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Nested Stochastic Approximation Approach Otherwise

Global Error = Statistical Error + Bias Error

ξhn − ξ⋆ = (ξhn − ξh⋆ ) + (ξh⋆ − ξ⋆) and χh
n − χ⋆ = (χh

n − χh
⋆) + (χh

⋆ − χ⋆).

Assumption 1. FXh(ξ)− FX(ξ) = v(ξ)h+ o(h) as H ∋ h ↓ 0.
Proposition 1 (Bias Error).

ξh⋆ − ξ⋆ = − v(ξ⋆)

fX(ξ⋆)
h+ o(h) and χh

⋆ − χ⋆ = −h
∫ ∞

ξ⋆

v(ξ)

1− α
dξ + o(h) as H ∋ h ↓ 0.

Theorem 1 (Statistical Error). ∃λ > 0 s.t. if γ1 > λ when β = 1,

E[(ξhn − ξh⋆ )
2] ≤ Cγn and E[(χh

n − χh
⋆)

2] ≤ C

n1∧2β
.

Eventually,
E[(ξhn − ξ⋆)

2] + E[(χh
n − χ⋆)

2] ≤ C(h2 + γn).

For a prescribed accuracy ε > 0, we have to choose

h = ε, n =
⌈
ε
− 2

β
⌉
, i.e. CostβNSA = C

n

h
= Cε

− 2
β
−1 ↘

β→1
Cε−3, if γ1 > λ when β = 1,

for some constant λ > 0 that is, although explicit, tedious to compute.
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Nested Stochastic Approximation Approach Otherwise

Theorem 2 (Central Limit Theorem). Let β ∈
(
1
2
, 1
]
. ∃λ > 0 s.t. if γ1 > λ when β = 1,(

h−β
(
ξh⌈h−2⌉ − ξh⋆

)
h−1

(
χh
⌈h−2⌉ − χh

⋆

)) L−→ N (0,Σβ) as H ∋ h ↓ 0,

where

Σβ =

 αγ1

2fX (ξ⋆)−γ−1
1 (1−α)1β=1

α χ⋆−ξ⋆
fX (ξ⋆)

1β=1

α χ⋆−ξ⋆
fX (ξ⋆)

1β=1
Var((X−ξ⋆)

+)

(1−α)2

 .

Corollary 1. Under the context of Theorem 2,(
h−β

(
ξh⌈h−2⌉ − ξ⋆

)
h−1

(
χh
⌈h−2⌉ − χ⋆

)) L−→ N
((− v(ξ⋆)

fX (ξ⋆)
1β=1

−
∫∞
ξ⋆

v(ξ)
1−α

dξ

)
,Σβ

)
as H ∋ h ↓ 0.
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Nested Stochastic Approximation Approach Otherwise

▶ Averaged Nested Stochastic Approximation (ANSA) Algorithm.
To circumvent the constraint on γ1, we average out the VaR estimators (Crépey, Frikha, Louzi, and
Pagès, 2023)

ξ
h

n =
1

n

n∑
k=1

ξhk = ξ
h

n−1 −
1

n

(
ξ
h

n−1 − ξhn
)
.

The global error can be decomposed into a statistical error and a bias error

ξ
h

n − ξ⋆ = (ξ
h

n − ξh⋆ ) + (ξh⋆ − ξ⋆).

Theorem 3 (Statistical Error). For β ∈
(
1
2
, 1
)
,

E[(ξhn − ξh⋆ )
2] ≤ C

n
.

Finally, for β ∈
(
1
2
, 1
)
,

E[(ξhn − ξ⋆)
2] + E[(χh

n − χ⋆)
2] ≤ C

(
h2 +

1

n

)
.

For a prescribed accuracy ε > 0, we must choose

h = ε, n =
⌈
ε−2⌉, i.e. CostANSA = C

n

h
= Cε−3, β ∈

(1
2
, 1
)
.
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Nested Stochastic Approximation Approach Otherwise

Theorem 4 (Central Limit Theorem). For β ∈
(
1
2
, 1
)
,

h−1

(
ξ
h

⌈h−2⌉ − ξh⋆
χh
⌈h−2⌉ − χh

⋆

)
L−→ N (0,Σ) as H ∋ h ↓ 0,

where

Σ =

(
α(1−α)

fX (ξ⋆)2
α

1−α
E[(X−ξ⋆)

+]
fX (ξ⋆)

α
1−α

E[(X−ξ⋆)
+]

fX (ξ⋆)
Var((X−ξ⋆)

+)

(1−α)2
.

)
Corollary 2. Within the framework of Theorem 4,

h−1

(
ξ
h

⌈h−2⌉ − ξ⋆
χh
⌈h−2⌉ − χ⋆

)
L−→ N

(( − v(ξ⋆)
fX (ξ⋆)

−
∫∞
ξ⋆

v(ξ)
1−α

dξ

)
,Σ

)
as H ∋ h ↓ 0.

The implied nested Monte Carlo computational cost should be countered.

8 / 27



Outline

1 Unbiased Stochastic Approximation Approach When Ψ Is Analytical

2 Nested Stochastic Approximation Approach Otherwise

3 Multilevel Acceleration of the Latter

4 Adaptive Multilevel SA

5 Financial Case Studies

8 / 27



Multilevel Acceleration of the Latter

Let h0 = 1
K

∈ H, an integer M > 1 and a number of levels L. Using telescopic summation,

ξhL
⋆ = ξh0

⋆ +

L∑
ℓ=1

ξhℓ
⋆ − ξ

hℓ−1
⋆ and χhL

⋆ = χh0
⋆ +

L∑
ℓ=1

χhℓ
⋆ − χ

hℓ−1
⋆ , hℓ =

h0

M ℓ
=

1

KM ℓ
∈ H.

▶ Multilevel SA (MLSA) Algorithm. According to Heinrich, 2001, Giles, 2008, Dereich, 2011
and Frikha, 2016, we can take iteration amounts N0 ≥ · · · ≥ NL and define the multilevel estimators

ξLML = ξh0
N0

+
L∑

ℓ=1

ξ
hℓ
Nℓ

− ξ
hℓ−1

Nℓ
and χL

ML = χh0
N0

+
L∑

ℓ=1

χ
hℓ
Nℓ

− χ
hℓ−1

Nℓ
.

Each level 0 ≤ ℓ ≤ L is simulated independently using the nested SA algorithm.

Within each level 1 ≤ ℓ ≤ L, Xhℓ and Xhℓ−1 are perfectly correlated:

Xhℓ−1 =
1

KM ℓ−1

KMℓ−1∑
k=1

ψ(Y,Z(k)) and Xhℓ =
1

M
Xhℓ−1 +

1

KM ℓ

KMℓ∑
k=KMℓ−1+1

ψ(Y,Z(k)).
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Multilevel Acceleration of the Latter

The global error is the sum of the statistical error and the bias error

ξLML − ξ⋆ = (ξLML − ξhL
⋆ ) + (ξhL

⋆ − ξ⋆) and χL
ML − χ⋆ = (χL

ML − χhL
⋆ ) + (χhL

⋆ − χ⋆).

Assumption 2. We consider 4 different frameworks:

1 ∃p∗ > 1, E
[∣∣ψ(Y,Z)− E[ψ(Y,Z)|Y ]

∣∣p∗] <∞.

2 ∃C > 0, E
[
exp

(
λ
(
ψ(Y,Z)− E[ψ(Y,Z)|Y ]

))]
≤ exp(Cλ2), λ ∈ R.

3 Gℓ = h
− 1

2
ℓ (Xhℓ −Xhℓ−1) satisfies supℓ≥1 E

[
[FXhℓ−1

|Gℓ
]Lip |Gℓ|

]
<∞.

4
(
fXhℓ−1

|Gℓ

)
ℓ≥1

is uniformly bounded.

Theorem 5 (Statistical Error). ∃λ > 0 s.t. if γ1 > λ when β = 1,

E[(ξLML − ξhL
⋆ )2] ≤ C

L∑
ℓ=0

γNℓφ(hℓ) and E[(χL
ML − χhL

⋆ )2] ≤ C
L∑

ℓ=0

hℓ

Nℓ
,

where
φ(hℓ) =

√
hℓ

p∗
1+p∗ (Asp 2.1),

√
hℓ |lnhℓ| (Asp 2.2),

√
hℓ (Asp 2.3, 2.4).
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Multilevel Acceleration of the Latter

Altogether,

E[(ξLML − ξ⋆)
2] ≤ C

(
h2
L +

L∑
ℓ=0

γNℓφ(hℓ)

)
and E[(χL

ML − χ⋆)
2] ≤ C

(
h2
L +

L∑
ℓ=0

hℓ

Nℓ

)
.

To achieve a prescribed accuracy ε > 0, one must choose

hL =
h0

ML
= ε ⇔ L =

⌈
ln h0

ε

lnM

⌉
.

The complexity of the MLSA algorithm is

CostβMLSA = C
L∑

ℓ=0

Nℓ

hℓ
.
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Multilevel Acceleration of the Latter

▶ VaR Focused Parametrization. We optimize

minN0,...,NL>0

∑L
ℓ=0

Nℓ
hℓ
,

subject to
∑L

ℓ=0 γNℓφ(hℓ) = ε2.

We infer the optimal iterations

Nℓ =

⌈
ε
− 2

β

( L∑
ℓ′=0

h
− β

1+β

ℓ′ φ(hℓ′)
1

1+β

) 1
β

h
1

1+β

ℓ φ(hℓ)
1

1+β

⌉

i.e. CostβMLSA = C
L∑

ℓ=0

Nℓ

hℓ
= Cε

− 2
β
−1
φ(ε) ↘

β→1
Cε−3φ(ε), if γ1 > λ when β = 1,

or

CostβMLSA = Cε
− 5p∗+6

2(1+p∗) (Asp 2.1), Cε−
5
2 |ln ε|

1
2 (Asp 2.2), Cε−

5
2 (Asp 2.3, 2.4),

where λ > 0 is an inaccessible albeit explicit constant.
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Multilevel Acceleration of the Latter

▶ ES Focused Parametrization. We solve

minN0,...,NL>0

∑L
ℓ=0

Nℓ
hℓ
,

subject to
∑L

ℓ=0
hℓ
Nℓ

= ε2.

On the condition β = 1, we obtain the amounts of iterations

Nℓ =
⌈
ε−2Lhℓ

⌉
i.e. CostES

MLSA = C
L∑

ℓ=0

Nℓ

hℓ
= Cε−2 |ln ε|2 if γ1 > λ,

whereby λ is an explicit yet inaccessible constant.
This coincides with the optimal complexity of the multilevel MC algorithm derived by Giles, 2008.
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Multilevel Acceleration of the Latter

Theorem 6 (Central Limit Theorem). Under Assumption 2.4, Gℓ
L→ G as ℓ ↑ ∞, and for β ∈

(
1
2
, 1
]

and

Nℓ =

⌈
h
− 2

β

L

( L∑
ℓ′=0

h
− 2β−1

2(1+β)

ℓ′

) 1
β

h
3

2(1+β)

ℓ

⌉
,

∃λ > 0 s.t. if γ1 > λ when β = 1,

b

(
h−1
L

(
ξML
N − ξhL

⋆

)
h
− 1

β
− 2β−1

4β(1+β)

L

(
χML
N − χhL

⋆

)
)

L−→ N (0,ΣML
β ) as L ↑ ∞,

where ΣML
β =

γ1E[|G|fG(ξ⋆)]

(1−α)(2fX (ξ⋆)−(1−α)γ−1
1 1β=1)

0

0
h

2β−1
2(1+β)
0

(
M

2β−1
2(1+β) −1

) 1
β

(1−α)2

(
h−1
0 Var((Xh0

−ξ
h0
⋆ )+)

M
2β−1

2β(1+β)

+
Var(1X>ξ⋆G)

M
2β−1

2(1+β) −1

)
 .
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Multilevel Acceleration of the Latter

▶ Averaged Multilevel Stochastic Approximation (AMLSA) Algorithm.
To avoid the limitation on γ1, we average out the VaR estimators (Crépey, Frikha, Louzi, and Pagès,
2023)

ξ
L

ML = ξ
h0

N0
+

L∑
ℓ=1

ξ
hℓ

Nℓ
− ξ

hℓ−1

Nℓ
.

The global error satisfies

ξ
L

ML − ξ⋆ = (ξ
L

ML − ξhL
⋆ ) + (ξhL

⋆ − ξ⋆).

Theorem 7 (Statistical Error). Under Assumption 2.4,

E[(ξLML − ξhL
⋆ )2] ≤ C

L∑
ℓ=0

φ(hℓ)

Nℓ
,

where
φ(hℓ) =

√
hℓ

p∗
1+p∗ (Asp 2.1),

√
hℓ |lnhℓ| (Asp 2.2),

√
hℓ (Asp 2.3, 2.4).

In a nutshell,

E[(ξLML − ξ⋆)
2] ≤ C

(
h2
L +

L∑
ℓ=0

φ(hℓ)

Nℓ

)
.
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Multilevel Acceleration of the Latter

For a prescribed accuracy ε > 0, we parametrize L =
⌈ ln h0

ε

lnM

⌉
.

The complexity of the AMLSA algorithm is

CostAMLSA = C
L∑

ℓ=0

Nℓ

hℓ
.

We solve
minN0,...,NL>0

∑L
ℓ=0

Nℓ
hℓ
,

subject to
∑L

ℓ=0
φ(hℓ)
Nℓ

= ε2.

We find the iterations amounts

Nℓ =

⌈
ε−2

( L∑
ℓ′=0

h
− 1

2
ℓ′ φ(hℓ′)

1
2

)
h

1
2
ℓ φ(hℓ)

1
2

⌉
i.e. CostAMLSA = C

L∑
ℓ=0

Nℓ

hℓ
= Cε−3φ(ε), β ∈

(8
9
, 1
)
,

which means

CostAMLSA = Cε
− 5p∗+6

2(1+p∗) (Asp 2.1), Cε−
5
2 |ln ε|

1
2 (Asp 2.2), Cε−

5
2 (Asp 2.3, 2.4).
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Multilevel Acceleration of the Latter

Theorem 8 (Central Limit Theorem). Under Assumption 2.4, Gℓ
L→ G as ℓ ↑ ∞, and for β ∈

(
8
9
, 1
)

and

Nℓ =

⌈
h−2
L

( L∑
ℓ′=0

h
− 1

4
ℓ′

)
h

3
4
ℓ

⌉
,

(
h−1
L

(
ξ
ML
N − ξhL

⋆

)
h
− 9

8
L

(
χML
N − χhL

⋆

)) L−→ N (0,Σ
ML

) as L ↑ ∞,

where

Σ
ML

=


E[|G|fG(ξ⋆)]

(1−α)2(1−M
− 1

4 )
0

0
h
− 3

8
0 (1−M

− 1
4 )

1
2 Var((Xh0

−ξ
h0
⋆ )+)

(1−α)2
+

h
1
4
0 Var(1X>ξ⋆G)

(1−α)2M
1
4
0

 .

Next step is to explore adaptive refinement to reduce the cost of MLSA/AMLSA to ε−2.
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Adaptive Multilevel SA

The idea of adaptive multilevel SA is to refine the simulation Xhℓ to Xhℓ+ηn
ℓ

(ξ)
to escape the

discontinuity of the gradient H1(ξ, · ) at ξ at level ℓ and iteration n.
▶ Sampling Refinement Algorithm. Following Haji-Ali, Spence, and Teckentrup, 2022, we define

ηnℓ (ξ) = ⌈θℓ⌉ ∧min
{
k ∈ [[0, ⌈θℓ⌉]] : |Xhℓ+k − ξ| ≥ C0ψ

n
k,ℓ

}
, ℓ ≥ 0, n ∈ N,

with the convention min∅ = ∞,

ψn
k,ℓ =

u
− 1

p∗
n h

1
r
θℓ(r−1)+k (Asp 2.1),

h
1
r
θℓ(r−1)+k

(
ln γ

− 1
2

n h
− 1

2
(1+θ)

ℓ+k

) 1
2 (Asp 2.2, 2.3),

C0, θ, r > 0,

hs =
h0

Ms
, s ∈ R.

and
un = γ1n

−δ, δ ∈ (0, 1].
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Adaptive Multilevel SA

▶ Adaptive Multilevel Stochastic Approximation Algorithm. Define

X̃
(n+1)
hℓ

= X
(n+1)
h
ℓ+η

(n+1)
ℓ

, η
(n+1)
ℓ = ηn+1

ℓ (ξ̃hℓ
n ),

with
ξ̃
hℓ
n+1 = ξ̃hℓ

n − γn+1H1(ξ̃
hℓ
n , X̃

(n+1)
hℓ

).

For N0 ≥ · · · ≥ NL, the adaptive multilevel SA estimator for the VaR is given by

ξ̃LML = ξ̃h0
N0

+
L∑

ℓ=1

ξ̃
hℓ
Nℓ

− ξ̃
hℓ−1

Nℓ
.

The global error is

ξ̃LML − ξ⋆ = (ξ̃LML − ξ
hL+⌈θL⌉
⋆ ) + (ξ

hL+⌈θL⌉
⋆ − ξ⋆),
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Adaptive Multilevel SA

Assumption 3. We consider 3 different frameworks:

1 (Asp 2.1) + p∗ > 2, r < 2, θ ≤ p∗/2−1
p∗/2+1

.

2 (Asp 2.2) + h0 ≥ (8C/C2
0 )

1
2/r−1 , r ≤ 2, θ ≤ 1.

3 (Asp 2.3) + supℓ≥0 E[exp(v0G
2
ℓ)] <∞, h0 ≥ (2/v0C

2
0 )

1
2/r−1 , r ≤ 2, θ ≤ 1.

Theorem 9 (Statistical Error). ∃λ > 0 s.t. if γ1 > λ when β = 1,

E[(ξ̃LML − ξ
hL+⌈θL⌉
⋆ )2] ≤ C

L∑
ℓ=0

Γℓ
Nℓ
φ(hℓ)

1+θ,

where
Γℓ
Nℓ

= γn ∨ unh
1+θ
ℓ (Asp 3.1), γn (Asp 3.2, 3.3),

and
φ(hℓ) =

√
hℓ

p∗
1+p∗ (Asp 3.1),

√
hℓ |lnhℓ| (Asp 3.2),

√
hℓ (Asp 3.3).
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Adaptive Multilevel SA

Overall,

E[(ξ̃LML − ξ⋆)
2] ≤ C

(
h
2(1+θ)
L +

L∑
ℓ=0

Γℓ
Nℓ
φ(hℓ)

1+θ

)
.

To realize a prescribed accuracy ε > 0, we have to choose

hL+⌈θL⌉ =
h0

ML+⌈θL⌉ = ε ⇔ L =

⌈
ln h0

ε

(1 + θ) lnM

⌉
.

The complexity of the adaptive multilevel SA algorithm is

CostAdaMLSA ≤ C


∑L

ℓ=0

N
1+ δ

p∗
ℓ
hℓ

(Asp 3.1),
√
L
∑L

ℓ=0
Nℓ
hℓ

+
∑L

ℓ=0

Nℓ

√
lnNℓ

hℓ
(Asp 3.2, 3.3).
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Adaptive Multilevel SA

Under (Asp 3.1), the optimal complexity is achieved when δ < β for any θ ∈
(
0, p∗/2−1

p∗/2+1

]
as long as

δ → β = 1:

CostAdaMLSA ≤ Cε
−2− 2

p∗ .

Under (Asp 3.2), the complexity is minimal when β = θ = 1, in which case

CostAdaMLSA ≤ Cε−2 |ln ε|
7
2 .

Under (Asp 3.3), the complexity is optimal when β = θ = 1, where

CostAdaMLSA ≤ Cε−2 |ln ε|
5
2 .
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Financial Case Studies

Consider a European option with payoff −W 2
1 at T = 1. Set τ = 0.5 and α = 97.5%.

0.02 0.04 0.06 0.08 0.10
Bias parameter h

0.00

0.05

0.10

0.15

0.20

0.25

0.30

Ce
nt

er
ed

 ri
sk

 m
ea

su
re

Centered risk measures
Value-at-risk Expected shortfall

0.02 0.04 0.06 0.08 0.10
Bias parameter h

6

4

2

0

2

4

6

8

Re
sc

al
ed

 c
en

te
re

d 
ris

k 
m

ea
su

re

Rescaled centered risk measures
Value-at-risk Expected shortfall

Bias errors ξh⋆ − ξ⋆ and χh
⋆ − χ⋆ as H ∋ h ↓ 0.

ξh⋆ − ξ⋆ and χh
⋆ − χ⋆ decrease linearly as H ∋ h ↓ 0.
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Financial Case Studies

Consider a European option with payoff −W 2
1 at T = 1. Set τ = 0.5 and α = 97.5%.
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RMSE vs execution time as ε ↓ 0. β = 1, M = 2, p∗ = 11, 200 runs.

For a target RMSE = 10−2,
for the VaR, SA: 10−2s, MLSA: 3.10−2s and NSA: 5.10−1s;
for the ES, SA: 5.10−2s, MLSA: 5.10s and NSA: 3.102s. 24 / 27



Financial Case Studies

Consider a short position on a swap issued at par on some Black-Scholes rate. Set α = 85%.
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RMSE vs execution time as ε ↓ 0. β = 1, M = 2, p∗ = 8, 200 runs.

For a target RMSE = 10,
for the VaR, SA: 3.10−4s, MLSA: 10−2s and NSA: 10s;
for the ES, SA: 3.10−4s, MLSA: 10s and NSA: 102s. 25 / 27



Financial Case Studies

Consider a short position on a swap issued at par on some Bachelier rate. Set α = 85%.
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CLTs. β = 0.9, M = 2, 5000 runs. 26 / 27



Synthesis

▶ Key Takeaways. Let some prescribed accuracy ε > 0. Taking β = 1,

Cost1SA = Cε−2 ≪

{
CostAdaMLSA = Cε−2 |ln ε|

5
2

CostES
MLSA = Cε−2 |ln ε|2

≪ Cost1MLSA = Cε−
5
2 ≪ Cost1NSA = Cε−3 if γ1 > λ,

whereby λ is an explicit yet inaccessible constant, and δ < 1 depends on the integrability degree of
the loss.
By averaging out the VaR estimators to overcome this limitation,

CostASA = Cε−2 ≪ CostAMLSA = Cε−
5
2 ≪ CostANSA = Cε−3, β ∈

(8
9
, 1
)
.

▶ Next steps. Explore some numerical applications for the adaptive refinement.
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