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Financial Motivation

Consider a loss X defined at some time horizon 7 by

X =E[p(Y, 2)|[Y] = ¥(Y),

with Y the realization of risk factors up to 7, 1L Z the realization of risk factors beyond 7.
m The VaR &, and the ES x. of the loss X at the confidence level « € (0, 1), are given by

‘P(X <&)=o, x.=E[X|X >8] \

m A stochastic approximation (SA) point of view is adopted.
m If W is analytical, then X = ¥(Y") can be simulated exactly (Bardou, Frikha, and Pagés, 2009).
m Otherwise, X can be simulated by nested Monte Carlo (Barrera et al., 2019).

But the nested Monte Carlo method is costly.

Crépey, Frikha, and Louzi, 2023 propose a multilevel acceleration of the nested approach.
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Unbiased Stochastic Approximation Approach When ¥ Is Analytical
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Unbiased Stochastic Approximation Approach When W Is Analytical

According to Rockafellar and Uryasev, 2000, if Fx is increasing,

E[(X -]

(&«, x+) = (arg min, min)V, where V() =¢+ -

> Robbins-Monro (SA) Algorithm. We take the step size (learning rate)
_m
7n—m, 71>07 /36(071]

We define the estimators (£n, Xn)n>0 of (&«, X«) by

H> (X'm '£7L7 X(n+1)),

1
n =& — Y1 H n X(n+1) d n = Xn — 7
Ent1=&n — Y1 Hi(&n, ) and  Xni1 =X ]

where & 1L (X),21 % X = U(Y) st. E[|é*] < 00, x0 =0,
_ e\t
Hi(¢z)=1— llm_% and Ha(x,&,z) =x— (5"’ %)

As suggested by Bardou, Frikha, and Pagés, 2009, for a prescribed accuracy € > 0, we have to take

n:fsf%ﬂ, i.e. Cost§A=Cn:CEW% N, Ce72 if v >A when g=1,
B—1

where X > 0 is a constant that is explicit but tedious to compute. 2/27



Unbiased Stochastic Approximation Approach When W Is Analytical

» Averaged Stochastic Approximation (ASA) Algorithm.
To overcome the constraint on -1, we average out the VaR estimators (Bardou, Frikha, and Pageés,

2009)

En = %Z&k = g'nfl - l(E’nfl _£7L)‘
k=1

n

To achieve a prescribed accuracy ¢ > 0, we must take

n= [572], i.,e. | Costasa = Cn = Céf?, B e (%, 1).

However, these approaches are often not possible, since one does not always have an analytical
formula for U to directly simulate X = U(Y).
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Nested Stochastic Approximation Approach Otherwise
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Nested Stochastic Approximation Approach Otherwise

Following Barrera et al., 2019, we approximate X = E[¢(Y, Z)|Y] by

K
Z Y, 2", h:%abias parametereH:{%,K'eN*},
k::

where (Z") < N Z 1L Y.

We define the approximating optimization problem

E[(Xn — §)+].

(€8,x}) = (argmin, min)Vs, where Vi (€) =+~ —

» Nested SA (NSA) Algorithm. We devise the stochastic approximation scheme

n 1 n
& =G = i (G- X0, X = xno1 — o Ha(Gon Gion X)),

where &8 1L (X\™),51 % X, with E[|¢}]?] < oo and x§ = 0.
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Nested Stochastic Approximation Approach Otherwise

Global Error = Statistical Error + Bias Error
€& =(eh €)1 (eh —&) and b —xi=(dh X+ (K- x|

Assumption 1. Fx, (§) — Fx(§) =v(§)h+o(h)as H > h 0.
Proposition 1 (Bias Error).

h v(&) h /oo v(§)
y— &= — h+o(h) and Y — X« =—h —>2dé +o(h) as H>32h|O.
& —¢ Fx (6 (h) X+ — X . T g4 +olh) 1
Theorem 1 (Statistical Error). 3\ > 0 s.t. if 41 > X when 5 =1,
\ C
El(gn — €)% < O and Bl —x3)*] < 755

Eventually,
E[(€n — &)%) + E[(xn — x)*] < C(h + 7).
For a prescribed accuracy ¢ > 0, we have to choose

h=c¢, n:(sf%], ie. CostﬁSA:C%:Cef%fl N, Ce®, if v >X when B=1,

p—1

for some constant A\ > 0 that is, although explicit, tedious to compute. ,
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Nested Stochastic Approximation Approach Otherwise

Theorem 2 (Central Limit Theorem). Let 8 € (1,1]. 3A > 0s.t. if 91 > X\ when 8 = 1,

L (A O R
(h_l(xgz_gxf) L5 N(©0,%5) as H3hL0,

where
oy Xa=Ex |,
P TN T B (T E A F ) =1
s X q Var((X—€)%)
Fx (6%) p=1 (1—)?

Corollary 1. Under the context of Theorem 2,

hiﬁ (fhh_QT — 6*) C _ fv(ﬁg)) 15:1
[ z h 0.
(hl(XJ[;hzw - X*) — ./\/'< _f;:, 0(€) a )’ /3) as H>ohl|

l—«
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Nested Stochastic Approximation Approach Otherwise

> Averaged Nested Stochastic Approximation (ANSA) Algorithm.

To circumvent the constraint on 71, we average out the VaR estimators (Crépey, Frikha, Louzi, and
Pages, 2023)

,h_ln h__ zh _l*h _¢h
snfn;ék =& (Eaa —60).

The global error can be decomposed into a statistical error and a bias error
—h —h
o =& = (€ — &) + (& - &)

Theorem 3 (Statistical Error). For 8 € (3,1),

E[(E: —¢M?) <

S

Finally, for 5 € (%, 1),
E[E, — €)% +El(¢ — x2)2 < C(h2 + ).
For a prescribed accuracy £ > 0, we must choose

h=e, n=[e?], ie CostANSA:C%:C%*B, 66(%,1).
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Nested Stochastic Approximation Approach Otherwise

Theorem 4 (Central Limit Theorem). For 8 € (1,1),

—h
Bt (th—ﬂ 51;) i;j\/(&i) as H>hlO,

XTh—21 = Xx
where
a(l—a) a E[(X-£0)%]
SZ Fx (€4)2 l-a Fx (€x)
a E[(X—¢0t] Var(X—¢,)")
1-a  fx(&) (1-0)? ’

Corollary 2. Within the framework of Theorem 4,

i (Ene) el [ -5 ) 5
/! =N LA D)) as H>hlO.
Xrh=21 7~ X« —Je, adg

The implied nested Monte Carlo computational cost should be countered.
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Multilevel Acceleration of the Latter

Let hg = % € H, an integer M > 1 and a number of levels L. Using telescopic summation,

L L
h hy h 1
e g -t and X=X ol o he= = g €W
=1 £=1

» Multilevel SA (MLSA) Algorithm. According to Heinrich, 2001, Giles, 2008, Dereich, 2011
and Frikha, 2016, we can take iteration amounts Ny > --- > N and define the multilevel estimators

L L
L _ ¢ho he he_1 L _ _ho he he_1
éML—gNO‘i‘ § gNz_ Ny and XML = X, T § XN, — XN, -
=1 =1

Each level 0 < ¢ < L is simulated independently using the nested SA algorithm.
Within each level 1 </ < L, X3, and X},, , are perfectly correlated:

1 KM=t 1 1 KMt
k k
Xnios = gapeT S v, z®) and | Xy, = 1 Xre + g Sy z®).
k=1 k=KMC—141
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Multilevel Acceleration of the Latter

The global error is the sum of the statistical error and the bias error

e — 6 = (6h —€01) + (€ &) and xh —xe = (i — X25) + O — x0). |

Assumption 2. We consider 4 different frameworks:
Ip. > 1, E[[9(Y, Z2) —E[(Y, 2)[Y]|”"] < co.
3C >0, E[exp ()\(Q/J(Y, Z) —E[(Y, Z)|Y}))} < exp(CA?), X €R.

[ I~

_1 ]
Ge=h, *(Xn, — Xn,_,) satisfies sup,>, E[[FXhe_llGe]Lip |Gel] < .
4] (fX,L£71|GZ)e>1 is uniformly bounded.

Theorem 5 (Statistical Error). A > 0 s.t. if 71 > X when 5 =1,

L

L

h

El(6h — €)% < €Y mplhe) and Bl — )T <O 5
£=0 £=0

where
Dx
o(he) = Vhe '™ (Asp 2.1), +/he|lnhe| (Asp 2.2), /he (Asp 2.3, 2.4).
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Multilevel Acceleration of the Latter

Altogether,
L Loy
‘
E[(§m — &)%) < c(hi + vaw)) and  E[(xmL — x+)°] < c(hL +3 )'
£=0 £=0
To achieve a prescribed accuracy € > 0, one must choose

ho ln%
he=gz=¢ < L—LHM'

The complexity of the MLSA algorithm is

CostMLSA = CZ
=0
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Multilevel Acceleration of the Latter

» VaR Focused Parametrization. We optimize

mMinpy,...,N, >0 Zf:o %7
subject to ZZL:O YN, p(he) = e’

We infer the optimal iterations

L
ie. Costf,,,_SA = CZ % = C’sf%flgzz(e) N CePpe), if v >XA when g=1,
=0 7 B—1

or

_ Bpxt6_ 5 5
Costpsa = Ce 21 Tpe) (Asp 2.1), Ce 2 |lna\% (Asp 2.2), Ce 2 (Asp 2.3, 2.4),

where A > 0 is an inaccessible albeit explicit constant.
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Multilevel Acceleration of the Latter

» ES Focused Parametrization. We solve

. L N
MinNg,. Np>0 Do fe

. L
subject to >ro % =&

On the condition 8 = 1, we obtain the amounts of iterations

L
- . N, _ .
Ny = [E 2Lhﬂ i.e. Cost,'\EASLSA = C;,O h—j =(Ce? |In s|2 if v >\

whereby ) is an explicit yet inaccessible constant.
This coincides with the optimal complexity of the multilevel MC algorithm derived by Giles, 2008.
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Multilevel Acceleration of the Latter

Theorem 6 (Central Limit Theorem). Under Assumption 2.4, G, £ Gasl+ oo, and for B € (3.1]

and
"h B (Zh 22(14:51)> h2(1+ﬁ)-‘

=0
X > 0s.t. if 1 > X when 5 =1,

D€ N o
b =) L —— N(0,X5") as L7 oo,
h (N = X3%)
where E%‘L =

N E[Glf(E:)] 0
(1—a)(2fx (€+)—(1—a)v; "15-1)

0

722(113;;) 28-1_ 1 L N
he (M2AFE) 1) F 7 hoVar(Xp, —£10)F) 4 Var(xseG)
(I—a)? 351 35—1
MIBATA MIOFH 1
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Multilevel Acceleration of the Latter

> Averaged Multilevel Stochastic Approximation (AMLSA) Algorithm.
To avoid the limitation on ~1, we average out the VaR estimators (Crépey, Frikha, Louzi, and Pages,
2023)

§ML —fzvo ‘f'z:§1\/z —5% i

The global error satisfies

=L
S — & = G — &) + (&1 — &)
Theorem 7 (Statistical Error). Under Assumption 2.4,

L

E[(Ewm, — & Z

=0

where
p(he) = Ve e (Asp 2.1), ~/he|lnhe| (Asp 2.2), +/he (Asp 2.3, 2.4).

In a nutshell,

Bi(E - &%) < (1 + fj“oj(w)

=0
15 /27



Multilevel Acceleration of the Latter

. . In o
For a prescribed accuracy ¢ > 0, we parametrize | L = [ = —‘

In M

The complexity of the AMLSA algorithm is

LN,
Costamisa = C Z —
/=

We solve
minNg,. ,Np>0  Ygg b
. h
subject to Sro ‘p](\,;) =¢?

We find the iterations amounts

/=0

L L
Vbt ie | Costamen = 035 2 — g s
[ ( E :he/ o(her) 2)}14 p(he)2 | ie. |Costamisa = CL]:O o Ce"p(e), B¢ (971)7

which means

_ 5px+6
Costamisa = Ce ™ 200 (Asp 2.1), Ce 3 \ln5|% (Asp 2.2), Ce 3 (Asp 2.3, 2.4).
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Multilevel Acceleration of the Latter
Theorem 8 (Central Limit Theorem). Under Assumption 2.4, G, L Gast 1 00, and for 8 € (%, 1)
and
5 L1\ 3
()
£/=0

(h SégN :X** ))> i>/\/'(O,EML) as L1 oo,

where
_EllCIfG ()] 0
EML (1-)2(1-M"4) 11 i
_ , hg B (M7 T) TVar(Xpg 1)) | hd Var(ixoe, 6)
(1—a)? i

2014
(1—a)2 M

Next step is to explore adaptive refinement to reduce the cost of MLSA/AMLSA to £~2.
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Adaptive Multilevel SA

The idea of adaptive multilevel SA is to refine the simulation X}, to X, ., to escape the
14
discontinuity of the gradient Hi(¢, -) at £ at level £ and iteration n.
» Sampling Refinement Algorithm. Following Haji-Ali, Spence, and Teckentrup, 2022, we define

1 (€) = [0¢] Amin {k € [0, [001] : [Xn,,, — €| > Cotke}, €20, neN,

with the convention min @ = oo,

_1 1
Px T A
wg,é = U? h‘%(r_l)-Hc 1 1 ( P 2.1)v

- —1(+0)\ 1
Moy on (Y 2he 5 7)) 7 (Asp 2.2, 2.3),

Co,0,r >0,
ho

hs = ,
MS

s e R.

and
Uy = ’yﬂfé, 5 € (0,1].
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Adaptive Multilevel SA

» Adaptive Multilevel Stochastic Approximation Algorithm. Define

v (ntl) _ y(n+1) (n+1) _ n+1 zhy
£ Z XhZJr (n+1)’ 0 =0 ("),
e

with
£n+1 - §n FY”H’lHl(En ) <"+1))

For No > --- > Ny, the adaptive multilevel SA estimator for the VaR is given by

L

ZL Zho “h

G =80+ 8 —
=1

The global error is

G — €0 = (G — £ 1OM) (€ om g,
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Adaptive Multilevel SA

Assumption 3. We consider 3 different frameworks:

B (Asp 2.1) + p. > 2,7 <2, 0 < 22
B (Asp 2.2)+h02(80/C§)2/T*1,7"<2 0<1.

B (Asp 2.3) + sup,, E[exp(voG7)] < oo, ho > (2/11000)2” T, r<26<1L

Theorem 9 (Statistical Error). 3\ > 0 s.t. if 71 > X when 5 =1,

~i h
E[(Ehy — e rory? <czr o(he)™+,

where
I‘N[ =9, V unhH'e (Asp 3.1), v (Asp 3.2, 3.3),

and

Px
@(he) = Vhe 7P (Asp 3.1),  /he |Inhe| (Asp 3.2),  /he (Asp 3.3).

20/27



Adaptive Multilevel SA

Overall,
L
El(&ni — &)%) < C<hi“+"’ +3 Fﬁvﬁ(m)l”).
£=0

To realize a prescribed accuracy ¢ > 0, we have to choose

h In 2o
_ 0 _ L —
hptron) = ML =& = [(1+9)1nM—"

The complexity of the adaptive multilevel SA algorithm is

)

Sl e (Asp 3.1)
Costadamisa < C =0 hy p3.L)

VIS g 2+ 500, T (Asp 3.2, 3.3).

he
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Adaptive Multilevel SA

—1
px/ ] as long as

Under (Asp 3.1), the optimal complexity is achieved when 6 < 3 for any 6 € (0, p*/§+1

60— p=1:

_9_2
Costadamisa < Ce™ 7 px.

Under (Asp 3.2), the complexity is minimal when 8 =6 = 1, in which case

) 7
Costadamrsa < Ce |ln5|2 .

Under (Asp 3.3), the complexity is optimal when 8 = 6 = 1, where

_ 5
Costadamisa < Ce 2 |ln5|2 .
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Financial Case Studies

Consider a European option with payoff — W7 at 7 = 1. Set 7 = 0.5 and a = 97.5%.

Centered risk measures 8 Rescaled centered risk measures
—4— Value-at-risk —e— Expected short ot —4— Value-at-risk  —e— Expected shortfall
0.301 2 6
g o
3 0.25 € 4]
g ¥ - -
£0.20 = L] ~
N ©
v o R
“ 0.15 Q -
° 2 01 /A/k/-
g (]
9 0.10 1 o 5
LOCJJ 0.05 B
. 1 ©
B —41
o}
0.00 o
. . . . . -6 . . . . .
0.02 0.04 0.06 0.08 0.10 0.02 0.04 0.06 0.08 0.10
Bias parameter h Bias parameter h

Bias errors &8 — ¢, and " — x, as H > h | 0.

eh — ¢, and X" — x. decrease linearly as H 5 h | 0.
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Financial Case Studies

Consider a European option with payoff — W7 at 7' = 1. Set 7 = 0.5 and o = 97.5%.
Value-at-risk Expected shortfall
1

—=— SA
—+— Nested SA
Multilevel SA

10t 4 103 4

—

o
Gl
'

—
o
0
N
L

—=— SA
| —— Nested SA

—e— Multilevel SA

Average execution time (s)
5
L

Average execution time (s)

H
3

4x1073 6x1073 10'*3 10'*Z 10~
RMSE RMSE

RMSE vs execution time as ¢ | 0. =1, M =2, p,. = 11, 200 runs.

For a target RMSE = 1072,
m for the VaR, SA: 10~2s, MLSA: 3.102s and NSA: 5.107 's;
m for the ES, SA: 5.102s, MLSA: 5.10s and NSA: 3.10%s.
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Financial Case Studies

Consider a short position on a swap issued at par on some Black-Scholes rate. Set oo = 85%.

Value-at-risk Expected shortfall
10° 4 1
—=— SA
10 4
102 —*— Nested SA
) ) —o— Multilevel SA,
o 10°4 9]
E E 101 4
=1 =
-1 c
.E’ 107 2 10%%
=R 5]
S 10’25~2 g
L L 1014
() (]
() (]
o 1073 4 D 192 ]
:
Zaoe] A z
44 -3
—&— Nested SA 10
—e— Multilevel SA
1075 4 107
160 161 162 10° 10! 102

RMSE RMSE
RMSE vs execution timeas e | 0. 3 =1, M = 2, p. =8, 200 runs.
For a target RMSE = 10,

m for the VaR, SA: 3.10™%s, MLSA: 10™2s and NSA: 10s;
m for the ES, SA: 3.10~%s, MLSA: 10s and NSA: 10?%s. 25727



Financial Case Studies

Consider a short position on a swap issued at par on some Bachelier rate. Set oo = 85%.

Unbiased SA Nested SA

Multilevel SA

A0 = x.)

hER €N

Averaged Unbiased SA Averaged Nested SA Averaged Multilevel SA

Bt =) : B £

hME - €N

CLTs. 8 =0.9, M = 2, 5000 runs. 26 /27



» Key Takeaways. Let some prescribed accuracy € > 0. Taking 5 =1,

_ 5
Costadamrsa = Ce 2 |1n5| 2

Costap = Ce 2 <
Costhnsa = Ce™?|Ing|?

< COSt%/H_SA = Cﬁig < COSt&ISA = 0573 if Y1 > A,

whereby ) is an explicit yet inaccessible constant, and § < 1 depends on the integrability degree of
the loss.
By averaging out the VaR estimators to overcome this limitation,

Costasa = 0872 < CostamiLsa = 057% < Costansa = 0573, ﬁ (S (g, 1).

> Next steps. Explore some numerical applications for the adaptive refinement.

27 /27



ﬁ Bardou, O., N. Frikha, and G. Pagés (2009). “Computing VaR and CVaR Using Stochastic Approximation and Adaptive
Unconstrained Importance Sampling”. In: Monte Carlo Methods and Applications 15.3, pp. 173-210. DOI: doi:10.1515/
MCMA.2009.011.

Barrera, D., S. Crépey, B. Diallo, G. Fort, E. Gobet, and U. Stazhynski (2019). “Stochastic Approximation Schemes
for Economic Capital and Risk Margin Computations”. In: ESAIM: Proceedings and Surveys 65, pp. 182-218.

ﬁ Crépey, S., N. Frikha, and A. Louzi (2023). A Multilevel Stochastic Approximation Algorithm for Value-at-Risk and
Expected Shortfall Estimation. arXiv: 2304.01207 (g-fin.CP).

ﬁ Crépey, S., N. Frikha, A. Louzi, and G. Pageés (2023). Asymptotic Error Analysis of Multilevel Stochastic Approximations
for the Value-at-Risk and Expected Shortfall. arXiv: 2311.15333 (g-fin.RM).

ﬁ Dereich, S. (July 15, 2011). “Multilevel Monte Carlo Algorithms For Lévy-Driven SDEs With Gaussian Correction”. In:
The Annals of Applied Probability 21.1, pp. 283—-311. ISSN: 10505164.

B Frikha, N. (2016). “Multi-level Stochastic Approximation Algorithms". In: The Annals of Applied Probability 26.2,
pp. 933-985. DOI: 10.1214/15-AAP1109.

ﬁ Giles, M. B. (2008). “Multilevel Monte Carlo Path Simulation”. In: Operations Research 56.3, pp. 607-617. DOI:
10.1287/opre.1070.0496.

ﬁ Haji-Ali, A.-L., J. Spence, and A. L. Teckentrup (2022). “Adaptive Multilevel Monte Carlo for Probabilities”. In: SIAM
Journal on Numerical Analysis 60.4, pp. 2125-2149. DOI: 10.1137/21M1447064.

ﬁ Heinrich, S. (2001). “Multilevel Monte Carlo Methods". In: Large-Scale Scientific Computing. Springer, pp. 58-67.
ISBN: 978-3-540-45346-8.

Rockafellar, R. T. and S. Uryasev (Apr. 1, 2000). “Optimization of Conditional Value-at-Risk”. In: Journal of Risk 2.3,
pp. 21-41. DOI: 10.21314/J0R.2000.038.


https://doi.org/doi:10.1515/MCMA.2009.011
https://doi.org/doi:10.1515/MCMA.2009.011
2304.01207
2311.15333
https://doi.org/10.1214/15-AAP1109
https://doi.org/10.1287/opre.1070.0496
https://doi.org/10.1137/21M1447064
https://doi.org/10.21314/JOR.2000.038

	Unbiased Stochastic Approximation Approach When  Is Analytical
	Nested Stochastic Approximation Approach Otherwise
	Multilevel Acceleration of the Latter
	Adaptive Multilevel SA
	Financial Case Studies
	References

